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CARLESON MEASURE PROBLEMS FOR PARABOLIC
BERGMAN SPACES AND HOMOGENEOUS SOBOLEV SPACES
ZHICHUN ZHAI
Abstract. Let bpα(R
1+n
+ ) be the space of solutions to the parabolic equation
∂tu+ (−△)αu = 0 (α ∈ (0, 1]) having finite Lp(R
1+n
+ ) norm. We characterize
nonnegative Radon measures µ on R1+n+ having the property ‖u‖Lq(R1+n
+
,µ)
.
‖u‖
W˙1,p(R1+n+ )
, 1 ≤ p ≤ q <∞, whenever u(t, x) ∈ bpα(R
1+n
+ ) ∩ W˙
1.p(R1+n+ ).
Meanwhile, denoting by v(t, x) the solution of the above equation with Cauchy
data v0(x), we characterize nonnegative Radon measures µ on R
1+n
+ satisfying
‖v(t2α , x)‖
Lq(R1+n+ ,µ)
. ‖v0‖W˙β,p(Rn), β ∈ (0, n), p ∈ [1, n/β], q ∈ (0,∞).
Moreover, we obtain the decay of v(t, x), an iso−capacitary inequality and a
trace inequality.
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1. Introduction and Statement of Results
Carleson measure was first introduced in classical Hardy space (see Carleson [7])
and have been extensively studied, for example, see Dafni-Karadzhov-Xiao [11],
Dafni-Xiao [12], Hastings [14], Johnson [15], and Xiao [38]-[40] and the references
therein. This paper considers Carleson measure problems via the parabolic equation
(1.1) ∂tu(t, x) + (−△)αu(t, x) = 0, (t, x) ∈ R1+n+ = (0,∞)× Rn
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with α ∈ (0, 1], and its Cauchy problem
(1.2)
{
∂tv + (−△)αv = 0, (t, x) ∈ R1+n+ ;
v(0, x) = v0(x), x ∈ Rn,
where △ is the Laplacian with respect to x and
(−△)αu(t, x) = F−1(|ξ|2αF(u(t, ξ)))(x)
with F and F−1 being the Fourier transform and the inverse Fourier transform.
More specifically, we characterize nonnegative Radon measures µ on R1+n+ having
the property
(1.3) ‖u(t, x)‖Lq(R1+n+ ,µ) . ‖∇(t,x)u(t, x)‖Lp(R1+n+ ), ∀u ∈ b
p
α(R
1+n
+ ) ∩ W˙ 1,p(R1+n+ ),
for 1 ≤ p ≤ q <∞, or
(1.4) ‖v(t2α, x)‖Lq(R1+n+ ,µ) . ‖v0(x)‖W˙β,p(Rn), ∀v0 ∈ W˙
β,p(Rn),
for β ∈ (0, n), p ∈ [1, n/β] and q ∈ (0,∞). Here
v(t, x) = Sα(t)v0(x) := K
α
t (x) ∗ v0(x)
solves (1.2),
Kαt (x) = (2pi)
−n2
∫
Rn
eix·ξe−t|ξ|
2α
dξ ≥ 0, ∀(t, x) ∈ R1+n+
and g(x)∗h(x) means the convolution between g(x) and f(x) on the space variable.
The main motivation of considering embeddings (1.3) and (1.4) comes from the
so called trace inequalities problem. Particularly, for a nonnegative Borel measure
µ on Rn, when working on spectral problems for Schrodinger operators, Maz’ya
first discovered in 1962 (see Maz’ya [17]-[18] and [22]) that if 1 < p ≤ q and pl < n
then
(1.5) ‖u‖Lq(Rn,µ) . ‖u‖hlp(Rn), ∀u ∈ hlp(Rn)
holds if and only if
(1.6) sup
{
(µ(E))p/q
cap(E, hlp)
: E ⊂ Rn, cap(E, hlp) > 0
}
<∞.
Here U . V denotes U ≤ θV for some positive θ which is independent of the sets
or functions under consideration in both U and V, hlp(R
n) is the completion of
C∞0 (R
n) with respect to
‖f‖hlp(Rn) = ‖(−△)l/2f‖Lp
and cap(E, hlp(R
n)) is the capacity of E associated with hlp(R
n). Such embeddings
like (1.5) are referred to as trace inequalities, see Adams-Hedberg [5]. Meanwhile,
(1.6) is called isocapacitary inequality, see Maz’ya [23]. Since Maz’ya established
the pioneer work in [17]-[18], other equivalent conditions of trace inequalities were
established by Maz’ya [19]-[20], Maz’ya-Preobraz˘enski˘ı [28], Maz’ya-Verbitsky [30],
Adams [1] and new advances of such problems were made by Cascante-Ortega-
Verbitsky [8] in which they established similar trace inequality for a general class
of radially decreasing convolution kernels. When 0 < q < p and 1 < p < ∞, (1.5)
holds if and only if
(1.7)
∫ ∞
0
(
tp
ϑ(t)q
)1/(p−q)
dt
t
<∞
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with ϑ(t) = inf{cap(E, Slp) : E ⊂ Rn, µ(E) ≥ t}, see Maz’ya-Netrusov [27] and
Verbitsky [36]. When 1 < p < q <∞, (1.5) holds if and only if
(1.8) sup
x∈Rn,r>0
(µ(B(x, r)))p/q
r(n−lp)
<∞,
where B(x, r) is a ball of radius r centered at x ∈ Rn, see Adams-Hedberg [5,
Theorem 7.2.2]. When 0 < q < p and 1 < p < n/l, (1.5) holds if and only if the
Wolff potential
Wµα,p(x) :=
∫ ∞
0
(rlp−nµ(B(x, r)))p
′−1 dt
t
∈ Lq(p−1)/(p−q)(µ),
see, Cascan-Ortega-Verbitsky [8]. There exist other conditions involving no capac-
ity, which are equivalent to (1.5), see, for example, Maz’ya [25], Maz’ya-Verbitsky
[30] and Verbitsky [36]. These equivalent conditions were widely applied to har-
monic analysis, operator theory, function spaces, linear and nonlinear partial differ-
ential equations, etc., see, Adams-Hedberg [5], Maz’ya [22] andMaz’ya-Shaposhnikova
[29] and the references therein.
This paper characterizes (1.3) or (1.4) by conditions like (1.6), (1.7) and (1.8).
To do this, we need the following preliminary materials.
We always assume that β ∈ (0, n)\N when p = 1 or n/β. W˙ 1,p(R1+n+ ) is the
completion of C∞0 (R
1+n
+ ) with respect to the norm
‖f‖W˙ 1,p(R1+n+ ) =
(∫
R
1+n
+
|∇(t,x)f |pdtdx
)1/p
.
bpα(R
1+n
+ )(α ∈ (0, 1]) introduced by Nishio-Shimomura-Suzuki [32] is the parabolic
Bergamn space on R1+n+ , which is the set of all solutions of the parabolic equation
(1.1) having finite Lp(R1+n+ ) norm. W˙
β,p(Rn) is the homogeneous Sobolev space
which is the completion of C∞0 (R
n) with respect to the norm
‖f‖W˙β,p(Rn) =


‖(−△)β/2f‖Lp, p ∈ (1, n/β),(∫
Rn
‖△khf‖
p
Lp
|h|n+pβ
dh
)1/p
, p = 1 or p = n/β , β ∈ (0, n)\N,
where
△khf(x) =
{ △1h△k−1h f(x), k > 1,
f(x+ h)− f(x), k = 1,
k = 1 + [β], β = [β] + {β} with {β} ∈ (0, 1).
If X = R1+n+ , β = 1 and p ≥ 1, or X = Rn, β ∈ (0, n) and p ∈ [1, n/β],
capW˙β,p(X)(S) (see Maz’ya [22]) is the variational capacity of an arbitrary set S ⊆
X :
capW˙β,p(X)(S) = inf
{
‖f‖p
W˙β,p(X)
: f ∈ VX(S)
}
.
Here
V
R
1+n
+
(S) = {f ∈ W˙ 1,p(R1+n+ ) : S ⊆ Int({x ∈ R1+n+ : f ≥ 1})}
and
VRn(S) = {f ∈ W˙ β,p(Rn) : f ≥ 0, S ⊆ Int({x ∈ Rn : f ≥ 1})}
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with Int(E) be the interior of a setE ⊆ X. For t ∈ (0,∞), cβp (µ; t) is the (p, β)−variational
capacity minimizing function associated with both W˙ β,p(Rn) and a nonnegative
measure µ on R1+n+ defined by
cβp (µ; t) = inf{capW˙β,p(Rn)(O) : bouded open O ⊆ Rn, µ(T (O)) > t},
where T (O) is the tent based on an open subset O of Rn :
T (O) = {(r, x) ∈ R1+n+ : B(x, r) ⊆ O},
with B(x, r) be the open ball centered at x ∈ Rn with radius r > 0.
For handling the endpoint case p = n/β we also need the definition of the
Riesz potentials (see Adams-Xiao [6] and Adams [2]) on R2n as follows. The Riesz
potential of order γ ∈ (0, 2n) is defined by
I(2n)γ ∗ f(z) =
∫
R2n
|z − y|γ−2nf(y)dy, z ∈ R2n.
From Adams [2, Theorem 5.1], we have that if u(x) and I
(2n)
γ ∗ |f |(x, 0) are both
in L1loc(R
n) with
(1.9) f(x, h) = |h|−γ△khu(x),
then u(x) = CI
(2n)
γ ∗ f(x, 0), for a.e. x ∈ Rn and some C > 0. Note that if
u ∈ W˙ β,n/β(Rn) and γ = 2β ∈ (0, 2n) then the function f(·, ·) in (1.9) belongs
to the space Ln/β(R2n). For any γ ∈ (0, 2n), L˙pγ(R2n) = I2nγ ∗ Lp(R2n) defined by
‖I2nγ ∗ f‖L˙pγ(R2n) = ‖f‖Lp2n.
To state our main results, let us agree to more conventions. U ≈ V if U . V and
V . U ; for 0 < p, q <∞ and a nonnegative Radon measure µ on X = R1+n+ or Rn,
Lq,p(X,µ) and Lq(X,µ) denote the Lorentz space and the Lebesgue space of all
functions f on X for which
‖f‖Lq,p(X,µ) =
(∫ ∞
0
(µ({x ∈ X : |f(x)| > λ}))p/qdλp
)1/p
<∞
and
‖f‖Lq(X,µ) =
(∫
X
|f(x)|qdµ
)1/q
<∞,
respectively. Moreover, we use Lq,∞(X,µ) as the set of all µ−measurable functions
f on X with
‖f‖Lq,∞(X,µ) = sup
λ>0
λ(µ({x ∈ X : |f(x)| > λ}))1/q <∞.
Theorem 1.1. Let 1 ≤ p ≤ q < ∞ and µ be a nonnegative Radon measure on
R
1+n
+ . Then the following statements are equivalent:
(a)
‖u‖Lq,p(R1+n+ ,µ) . ‖u‖W˙ 1,p(R1+n+ ), u ∈ W˙
1,p(R1+n+ ) ∩ bpα(R1+n+ ),
(b)
‖u‖Lq(R1+n+ ,µ) . ‖u‖W˙ 1,p(R1+n+ ), u ∈ W˙
1,p(R1+n+ ) ∩ bpα(R1+n+ ),
(c)
‖u‖Lq,∞(R1+n+ ,µ) . ‖u‖W˙ 1,p(R1+n+ ), u ∈ W˙
1,p(R1+n+ ) ∩ bpα(R1+n+ ),
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(d)
(µ(O))p/q . capW˙ 1,p(R1+n+ )
(O), open O ⊆ R1+n+ .
If 0 < q < p = 1, then (b) =⇒ (c) =⇒ (d) =⇒ (a).
In the following, v(t, x) is the solution of equation (1.2) with Cauchy data v0(x).
Theorem 1.2. Let β ∈ (0, n), 0 < q < p, 1 < p ≤ n/β and µ a nonnegative Radon
measure on R1+n+ . Then the following two conditions are equivalent:
(a)
‖v(t2α, x)‖Lq(R1+n+ ,µ) . ‖v0‖W˙β,p(Rn), ∀v0 ∈ W˙
β,p(Rn).
(b) ∫ ∞
0
(
tp/q
cβp (µ; t)
)q/(p−q)
dt
t
<∞.
If we change 1 < p ≤ n/β and 0 < q < p into 1 ≤ p ≤ n/β and p ≤ q <∞, then
the conditions (a) and (b) of Theorem 1.2 can be replaced by a weak-type one and
two simpler ones, respectively.
Theorem 1.3. Let β ∈ (0, n), 1 ≤ p ≤ n/β, p ≤ q < ∞ and µ a nonnegative
Radon measure on R1+n+ . Then the following five conditions are equivalent:
(a)
‖v(t2α, x)‖Lq,p(R1+n+ ,µ) . ‖v0‖W˙β,p(Rn), ∀v0 ∈ W˙
β,p(Rn).
(b)
‖v(t2α, x)‖Lq(R1+n+ ,µ) . ‖v0‖W˙β,p(Rn), ∀v0 ∈ W˙
β,p(Rn).
(c)
‖v(t2α, x)‖Lq,∞(R1+n+ ,µ) . ‖v0‖W˙β,p(Rn), ∀v0 ∈ W˙
β,p(Rn).
(d)
sup
t>0
tp/q
cβp (µ; t)
<∞.
(e)
sup
{
(µ (T (O)))p/q
capW˙β,p(Rn)(O)
: bounded open O ⊆ Rn
}
<∞.
Furthermore, the family of all bounded open sets in the inequality (e) of Theorem
1.3 in some situation can be replaced by the family of all open balls.
Theorem 1.4. Let β ∈ (0, n) and µ a nonnegative Radon measure on R1+n+ . If
1 < p < min{q, n/β} or 1 = p ≤ q < ∞, then the following two conditions are
equivalent:
(a)
‖v(t2α, x)‖Lq(R1+n+ ,µ) . ‖v0‖W˙β,p , ∀v0 ∈ W˙
β,p(Rn).
(b)
sup
x∈Rn,r>0
(µ (T (B(x, r))))p/q
capW˙β,p (B(x, r))
<∞.
But, this equivalence fails to hold when 1 < p = q < n/β.
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Remark 1.5. We plan to check in our future work that whether or not the operator
v0 −→ St2αv0(x)
being compact from W˙ β,p(Rn) to Lq(R1+n+ , µ) is equivalent to
(1.10) lim
t−→0
tp/q
cβp (µ; t)
= 0, if 1 ≤ p ≤ n/β, p ≤ q <∞;
(1.11)
∫ ∞
0
(
tp/q
cβp (µ; t)
)q/(p−q)
dt
t
<∞ if 0 < q < p, 1 < p ≤ n/β;
or when 1 < p < min{q, n/β} or 1 = p ≤ q <∞,
(1.12) lim
δ−→0
sup
x∈Rn,r∈(0,δ)
(µ (T (B(x, r))))
p/q
capW˙β,p (B(x, r))
= 0
and
(1.13) lim
|x|−→0
sup
r∈(0,1)
(µ (T (B(x, r))))
p/q
capW˙β,p (B(x, r))
= 0.
Similar results hold for the embedding (1.5), see Maz’ya [22, section 8.5, 8.6] and
[23] or Adams-Hedberg [5, section 7.3].
Remark 1.6. Since the inequality (b) in Theorem 1.4 corresponds to the classical
Carleson criterion for Lp(Rn) to be embedded in Lp(R1+n, µ) via Poisson’s ker-
nel (see for example Grafakos [13, p. 539, Theorem 7.37]), we can refer to the
embeddings in Theorems 1.2-1.4 as the Carleson embeddings for the homogeneous
Sobolev spaces per the Cauchy problem for the α−parabolic equation.
When 0 < q < p = 1 we obtain necessary conditions for such embeddings.
Theorem 1.7. Let β ∈ (0, n), 0 < q < p = 1 and µ a nonnegative Radon measure
on R1+n+ . Then (a) =⇒ (b) =⇒ (c) =⇒ (d) :
(a)
‖v(t2α, x)‖Lq(R1+n+ ,µ) . ‖v0‖W˙β,1 , ∀v0 ∈ W˙
β,1(Rn).
(b)
‖v(t2α, x)‖Lq,∞(R1+n+ ,µ) . ‖v0‖W˙β,1(Rn), ∀v0 ∈ W˙
β,1(Rn).
(c)
sup
{
(µ (T (O)))1/q
capW˙β,1(O)
: open O ⊆ Rn
}
<∞.
(d)
‖v(t2α, x)‖Lq,1(R1+n+ ,µ) . ‖v0‖W˙β,1(Rn), ∀v0 ∈ W˙
β,1(Rn).
We can establish the following decay of the solutions of equation (1.2).
Theorem 1.8. If v0 ∈ W˙ β,p(Rn) for 1 ≤ p < n/β and β ∈ (0, n), then
|v(t2α0 , x0)| . tpβ−n0 ‖v0‖W˙β,p(Rn), ∀(t0, x0) ∈ R1+n+ .
Equivalently
|v(t0, x0)| . t
pβ−n
2α
0 ‖v0‖W˙β,p(Rn), ∀(t0, x0) ∈ R1+n+ .
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The special case α = p = 1 of Theorem 1.8 was proved by Xiao in [39].
Working from R1+n+ to R
n, a trace inequality can be derived from W˙ β,p(Rn).
Theorem 1.9. Let β ∈ (0, n), 1 < p ≤ q < ∞, p < n/β and µ be a nonnegative
Radon measure on Rn. Then
‖f‖Lq(Rn,µ) . ‖f‖W˙β,p(Rn), f ∈ W˙ β,p(Rn)⇔ sup
open O⊆Rn
(µ(O))p/q
capW˙β,p(Rn)(O)
<∞.
If 1 = p ≤ q <∞, or 1 < p < min{q, n/β} then
‖f‖Lq(Rn,µ) . ‖f‖W˙β,1(Rn), f ∈ W˙ β,p(Rn)⇔ sup
x∈Rn,r>0
(µ(B(x, r)))p/q
capW˙β ,p(B(x, r))
<∞.
Similarly to Theorem 1.1, we obtain the following result which covers Theorem
1.9.
Theorem 1.10. Let β ∈ (0, n), 1 < p ≤ q < ∞, p < n/β and µ be a nonnegative
Radon measure on Rn. Then the following statements are equivalent:
(a)
‖f‖Lq,p(Rn,µ) . ‖f‖W˙β,p(Rn), f ∈ W˙ β,p(Rn),
(b)
‖f‖Lq(Rn,µ) . ‖f‖W˙β,p(Rn), f ∈ W˙ β,p(Rn),
(c)
‖f‖Lq,∞(Rn,µ) . ‖f‖W˙β,p(Rn), f ∈ W˙ β,p(Rn),
(d)
(µ(O))p/q . capW˙β,p(Rn)(O), open O ⊆ Rn.
If 1 = p ≤ q <∞, or 1 < p < min{q, n/β} then all of them are equivalent to
(e)
sup
r>0,x∈Rn
(µ(B(x, r)))p/q
capW˙β,p(Rn)(B(x, r))
<∞.
If 0 < q < p = 1, then (b) =⇒ (c) =⇒ (d) =⇒ (a).
Remark 1.11. The equivalences (b) ⇐⇒ (d) and (b) ⇐⇒ (e) in Theorem 1.10 can
be verified directly from Cascan-Ortega-Verbitsky [9, Theorem 3.1 & 3.2], Maz’ya
[17]-[18] and [22], and Adams-Hedberg [5, Theorem 7.2.2]. Moreover, the case
1 = p ≤ q <∞ of Theorem 1.10 was shown by Xiao in [39].
Nishio-Yamada [33] gave a characterization for a nonnegative Radon measure µ
on R1+n+ to be a Carleson type measure on b
p
α(R
1+n
+ ), which is called (0,1)-type
Carleson measure and means that |∇(t,x)u(t, x)| ∈ Lp(R1+n+ , µ), that is,
‖∇(t,x)u(t, x)‖Lp(R1+n+ ,µ) . ‖u(t, x)‖Lp(R1+n+ ), ∀u ∈ b
p
α(R
1+n
+ ).
We find a sufficient condition for a nonnegative Radon measure µ on R1+n+ to be a
Carleson type measure on bp1/2(R
1+n
+ ).
Theorem 1.12. If µ is a nonnegative Radon measure on R1+n+ satisfying the prop-
erty
sup
x∈Rn,r>0
(µ (T (B(x, r))))
p/q
capW˙ 1/2,p(B(x, r))
<∞
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for 1 ≤ p < 2n and 4pn+4p2n−p ≤ q < ∞, then µ is a (0,1)-type Carleson measure on
bp11/2(R
1+n
+ ) for p1 =
q(2n−p)
2p(n+1) − 1.
Corollary 1.13. Let β ∈ (0, n), 1 < p < min{q, n/β} or 1 = p ≤ q <∞, γ ∈ (0, 1],
ζ > 0 and ζ + nγ > n− pβ. If dµγ,ζ(t, x) = tζ−1|x|n(β−1)dtdx, then
(µγ,ζ(T (O)))
n−pβ
ζ+nγ . capW˙β,p(O), open O ⊆ Rn.
Equivalently
‖v(t2α, x)‖
L
(ζ+nγ)p
n−pβ (R1+n+ ,µγ,ζ)
. ‖v0‖W˙β,p , ∀v0 ∈ W˙ β,p.
Proof. This assertion follows from the case q = p(ζ+nγ)/(n−pβ) and µ = µγ,ζ
of Theorem 1.3. 
The first inequality of Corollary 1.13 is the iso−capacitary inequality (see Maz’ya
[23] for more) and the second is its analytic form attached to the kernel Kαt2α(x).
Both of them were firstly stated by Xiao in [39] for α = p = 1.
Corollary 1.14. Let α ∈ (0, 1], β ∈ (0, n), 1 ≤ p < n/β and γ ∈ (−1,∞). Then
the following two conditions hold:
(a) (∫
R
1+n
+
|v(t2α, x)| p(1+n+γ)n−pβ tγdtdx
) n−pβ
p(1+n+γ)
. ‖v0‖W˙β,p , ∀v0 ∈ W˙ β,p(Rn).
(b)
sup
t>0
(∫
Rn
|v(t2α, x)| pnn−pβ dx
)n−pβ
pn
. ‖v0‖W˙β,p , ∀v0 ∈ W˙ β,p(Rn).
Proof. In Theorem 1.4 we take
dµ(t, x) = (1 + γ)−1tγdtdx, q =
p(1 + n+ γ)
n− pβ , γ > −1,
respective
dµ(t, x) = δt0(t)⊗ dx, q =
pn
n− pβ , γ −→ −1,
where δt0(t) is the Dirac measure at t0 > 0, then an application of the capacitary
estimate of ball (see Maz’ya [22, p. 356] for p ∈ (1, n/β), Xiao [39, p. 833] for
p = 1):
capW˙β,p(B(x, r)) ≈ rn−pβ , x ∈ Rn, r > 0,
we can finish the proof. 
According to Miao-Yuan-Zhang [31, Proposition 2.1], the condition (a) of Corol-
lary 1.14 amounts to that W˙ β,p(Rn) is embedded in the homogeneous Besov or
Triebel-Lizorkin space (see Triebel [35] for more details about these spaces)
B˙
− γ+1q
q,q (R
n) = F˙
− γ+1q
q,q (R
n), q =
p(1 + n+ γ)
n− pβ .
At the same time, the condition (b) of Corollary 1.14 can be treated as extreme
case of the condition (a) in Corollary 1.14.
The rest of this paper is organized as follows. In the next section, we give six
preliminary results: Lemma 2.1−a strong-type inequality for the Hardy-littlewood
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maximal operator with respect to the variational capacity (whose new generaliza-
tions were made by Maz’ya [24] and Costea-Maz’ya[10]), Lemma 2.2−an elementary
Riesz integral upper estimate of the kernel Kαt (x), Lemma 2.3−a lower estimate for
the kernel Kαt (x), Lemma 2.4−four standard estimates involving capacity, measure
and nontangential maximal functions, Lemma 2.5−an integral representation of
fractional order homogeneous Sobolev functions, and Lemma 2.6−a homogeneous
version of the extension/restriction theorem. In the third section, we prove our
theorems and corollaries: Theorem 1.1 is proved by using Lemma 2.1. Theorem 1.2
is showed from applying Lemmas 2.1, 2.4, 2.6 and the dyadically discrete forms of
the left-hand integrals in (a)− (b) of Theorem 1.2. Theorem 1.3 is demonstrated by
using Lemmas 2.1 & 2.4. Theorem 1.4 is derived from the equivalence established
in Theorem 1.3, Lemmas 2.2-2.5 and more delicate estimates for measures, func-
tions and integrals under consideration. Theorem 1.7 is verified from Lemmas 2.1
& 2.4. Theorem 1.8 is obtained by applying Theorems 1.3 & 1.4 and estimating the
norm of Dirac measure on R1+n+ . Theorem 1.12 is established through comparing
1/2−parabolic rectangles in R1+n+ with the tents of n−dimensional balls.
2. Preliminary Lemmas
This section contains six technical results needed for proving the main results
of this paper. The first is the capacity strong-type inequalities for f ∈ W˙ β,p(Rn)
and its Hardy-Littlewood maximal operator
Mf(x) = sup
r>0
r−n
∫
B(x,r)
|f(y)|dy, x ∈ Rn.
Lemma 2.1. The following three inequalities hold:
(a) If β ∈ (0, n) and p ∈ [1, n/β], then, ∀f ∈ W˙ β,p(Rn),∫ ∞
0
capW˙β,p(Rn)({x ∈ Rn : |f(x)| ≥ λ})dλp . ‖f‖pW˙β,p(Rn);
If 1 ≤ p <∞, then, ∀f ∈ W˙ 1,p(R1+n+ ),∫ ∞
0
capW˙ 1,p(R1+n+ )
({(t, x) ∈ R1+n+ : |f(t, x)| ≥ λ})dλp . ‖f‖pW˙ 1,p(R1+n+ ).
(b) If β ∈ (0, n) and p ∈ [1, n/β], then, ∀f ∈ W˙ β,p(Rn),∫ ∞
0
capW˙β,p(Rn)({x ∈ Rn : |Mf(x)| ≥ λ})dλp . ‖f‖pW˙β,p(Rn).
Proof. (a) Part 1, f ∈ W˙ 1,p(R1+nn ) : This assertion is due to Maz’ya [22, Section
2.3.1] or his another work [19]. Part 2, f ∈ W˙ β,p(Rn) : Case 1, p ∈ (1, n/β) : This
case is due to Maz’ya [21, Proposition 4.1] or Maz’ya [22, p. 368 Theorem]. Case
2, p = 1 : This case is essentially prove by Wu [37] when β ∈ (0, 1) and Xiao [39]
when β ∈ (0, n). Case 3, p = n/β : It can be found in Maz’ya [20] or Adams-Xiao
[6].
(b) If f ∈ W˙ β,p(Rn) : We divide the proof into three cases.
Case 1, p = 1 : It is due to Xiao [39]. Case 2, p = n/β : This is proved by Adams-
Xiao [6]. Case 3, p ∈ (1, n/β) : It follows from Maz’ya [22, p. 347, Theorem 2] or
his earlier work [26] that for 1 < p < n/β, f ∈ W˙ β,p(Rn) if and only if
f = (−△)−β/2g = Iβ ∗ g(x) and ‖f‖W˙β,p = ‖g‖Lp,
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for some g ∈ Lp(Rn), where
Iβ ∗ g(x) = 1
γβ
∫
Rn
g(y)
|x− y|n−β dy
with γβ = pi
n/22βΓ(β/2)/Γ(n−β2 ). Then for fixed f ∈ W˙ β,p(Rn), and g ∈ Lp(Rn)
with f(x) = Iβ ∗ g(x), according to R. Johnson [15, p. 33, Proof of Theorem 1.9],
we have
M(Iβ ∗ g) ≤ Iβ ∗ (Mg)
and
Mλ(Mf(x)) ⊆Mλ(Iβ ∗ (M(g)).
It follows from Maximal Theorem Stein [34, p. 13, Theorem 1] that
M(g) ∈ Lp(Rn) and ‖M(g)‖p . ‖g‖p.
Thus (a) implies (b). 
Lemma 2.2. If α ∈ (0, 1], β ∈ (0, n) and (t, x) ∈ R1+n+ , then∫
Rn
Kαt2α(y)|y − x|β−ndy . (t2 + |x|2)
β−n
2 .
Proof. By Miao-Yuan-Zhang [31], Nishio-Shimomura-Suzuki [32] or Nishio-
Yamada [33], we have the following point-wise estimate
(2.1) |Kαt (x)| ≤ C
t
(t1/2α + |x|)n+2α , ∀(t, x) ∈ R
1+n
+ .
So, it suffices to verify
J(t, x) :=
∫
Rn
t2α(t+ |y|)−n−2α|y − x|β−ndy . (t2 + |x|2)β−n2 .
Changing variables: x −→ tx, y −→ ty, we see the previous estimate is equivalent
to the following one:
J(1, x) . (1 + |x|2)β−n2 .
Since J(1, 0) . 1 we may assume that |x| > 0. Then
J(1, x) .
(∫
B(x,|x|/2)
+
∫
Rn\B(x,|x|/2)
)
1
(1 + |y|)n+2α|y − x|n−β dy = I1(x) + I2(x).
Since |x− y| ≤ |x|/2 implies that |y| ≈ |x|, we have
I1(x) =
∫
B(x,|x|/2)
1
(1 + |y|)n+2α|y − x|n−β dy
. (1 + |x|)−n−2α
∫
B(x,|x|/2)
1
|y − x|n−β dy
. (1 + |x|)−n−2α
∫ |x|/2
0
sβ−1ds
. |x|β(1 + |x|)−n−2α
. (1 + |x|)β−n,
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with the last inequality using the fact 1 ≤ (1 + |x|)2α. If |x− y| > |x|/2, then
I2(x) =
∫
Rn\B(x,|x|/2)
1
(1 + |y|)n+2α|x− y|n−β dy
. |x|β−n
∫
Rn\B(x,|x|/2)
1
(1 + |y|)n+2α dy
. |x|β−n,
with the last inequalities using the fact 1(1+|y|)n+2α ∈ L1(Rn). Since |x− y| > |x|/2
implies |y| < 3|x− y|,
I2(x) .
∫
Rn\B(x,|x|/2)
1
(1 + |y|)n+2α|y|n−β dy . 1.
Thus I2 . (1 + |x|)β−n and J(1, x) . (1 + |x|2)β−n2 . 
Lemma 2.3. [33] For α ∈ (0, 1], there are positive constants σ and C such that
inf{|Kαt (x)| : |x| ≤ σt
1
2α } ≥ Ct− n2α ,
where σ and C depend only on n, α.
Lemma 2.4. Let α ∈ (0, 1] and β ∈ (0, n). Given f ∈ W˙ β,p(Rn), λ > 0, and a
nonnegative measure µ on R1+n+ , let
Eα,βλ (f) = {(t, x) ∈ R1+n+ : |Sα(t2α)f(x)| > λ}
and
Oα,βλ (f) = {y ∈ Rn : sup
|y−x|<t
|Sα(t2α)f(x)| > λ}.
Then the following four statements are true:
(a) For any natural number k,
µ
(
Eα,βλ (f) ∩ T (B(0, k))
)
≤ µ
(
T (Oα,βλ (f) ∩B(0, k))
)
.
(b) For any natural number k,
capW˙β,p(Rn)
(
Oα,βλ (f) ∩B(0, k)
)
≥ cβp
(
µ;µ
(
T (Oα,βλ (f) ∩B(0, k))
))
.
(c) There exists a dimensional constant θ1 > 0 such that
sup
|y−x|<t
|Sα(t2α)f(y)| ≤ θ1Mf(x), x ∈ Rn.
(d) There exists a dimensional constant θ2 > 0 such that
(t, x) ∈ T (O) =⇒ Sα(t2α)|f |(x) ≥ θ2,
where O is a bounded open set contained in Int({x ∈ Rn : f(x) ≥ 1}).
Proof. (a) Since sup
|y−x|<t
|Sα(t2α)f(x)| is lower semicontinuous on Rn, Oα,βλ (f)
is an open subset of Rn. By the definition of Eα,βλ (f) and O
α,β
λ (f), we have
Eα,βλ (f) ⊆ T (Oα,βλ (f)) and µ(Eα,βλ (f)) ≤ T (µ(Oα,βλ (f))).
Then
µ
(
Eα,βλ (f) ∩ T (B(0, k))
)
≤ µ(T (Oα,βλ (f)∩T (B(0, k)))) = µ
(
T (Oα,βλ (f) ∩B(0, k))
)
.
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(b) It follows from the definition of cβp (µ; t).
(c) By (2.1), we have
|Sα(t2α)f(x)| = |Kαt2α(x) ∗ f(x)| ≤
∫
Rn
Ct2α
(t+ |x− y|)n+2α |f(y)|dy := Ht(x) ∗ |f(x)|.
Thus
sup
|y−x|<t
|Sα(t2α)f(y)| ≤ sup
|y−x|<t
Ht(y) ∗ |f(y)| ≤ θ1Mf(x).
The last inequality follows from Stein [34, p. 57, Proposition].
(d) For any (t, x) ∈ T (O), we have
B(x, t) ⊆ O ⊆ Int({x : f(x) ≥ 1}).
It follows from Lemma 2.3 that there exist σ and C which are only depending on
n and α such that
inf{Kαt (x) : |x| ≤ σt
1
2α } ≥ Ct− n2α .
Then
Sα(t
2α)|f |(x) =
∫
Rn
Kαt2α(x− y)|f |(y)dy
≥ Ct−n
∫
B(x,σt)∩Int({x:f(x)≥1})
|f |(y)dy.
If σ > 1, then
B(x, σt) ∩ Int({x : f(x) ≥ 1}) ⊇ B(x, t) ∩ Int({x : f(x) ≥ 1}) = B(x, t);
if σ ≤ 1 then
B(x, σt) ∩ Int({x : f(x) ≥ 1}) = B(x, σt).
Thus Sα(t
2α)|f |(x) ≥ θ2 for some dimensional constant θ2 > 0. 
Using f(x) = (−△)−β/2 ((−△)β/2f(x)) and the definition of Riesz potentials
We can easily derive an integral representation of homogeneous Sobolev functions.
Lemma 2.5. [5] Let p ∈ (1, n/β), 0 < β < n and f ∈ W˙ β,p(Rn). Then
f(x) =
1
γβ
∫
Rn
(−△)β/2f(y)
|y − x|n−β dy,
where γβ = pi
n/22βΓ(β/2)/Γ(n−β2 ).
The following result is a special case of Adamas [2, Theorem 5.2] or Adams-Xiao
[6, Theorem A].
Lemma 2.6. Let β ∈ (0, n). Then there are a linear extension operator
E : W˙ β,n/β(Rn) −→ L˙n/β2β (R2n)
and a linear restriction operator
R : L˙n/β2β (R2n) −→ W˙ β,n/β(Rn)
such that RE is the identity, and
(a)
‖Ef‖
L˙
n/β
2β (R
2n)
. ‖f‖W˙β,n/β(Rn), ∀f ∈ W˙ β,n/β(Rn);
(b)
‖Rg‖W˙β,n/β(Rn) . ‖g‖L˙n/β2β (R2n), ∀g ∈ L˙
n/β
2β (R
2n).
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3. Proofs of Main Results
3.1. Proof of Theorem 1.1. Assume that 1 ≤ p ≤ q < ∞. In what follows, for
λ > 0 and u ∈ W˙ 1,p(R1+n+ ) ∩ bpα(R1+n+ ), let
Mλ(u) = {(t, x) ∈ R1+n+ : |u(t, x)| ≥ λ}.
(a) =⇒ (b) =⇒ (c). Since 0 < λ1 < λ2 implies µ(Mλ2(u)) ≤ µ(Mλ1(u)), we can
conclude
qµ(Mλ(u))λ
q−1 ≤ d
dλ
(∫ λ
0
(µ(Ms(u)))
p/qdsp
)q/p
.
This implies
(sqµ(Ms(u)))
p/q ≤
(
q
∫ ∞
0
µ(Mλ(u))λ
q−1dλ
)p/q
≤
∫ ∞
0
(µ(Mλ(u)))
p/qdλp, s > 0,
and obtains the desired implications.
(c) =⇒ (d). Let (c) be true. For an given open set O ⊆ R1+n+ , and any function
u ∈ W˙ 1,p(R1+n+ ) ∩ bpα(R1+n+ ) with
O ⊆ Int({(t, x) ∈ R1+n+ : u(t, x) ≥ 1}),
we have µ(O) ≤ µ(M1(u)) . ‖u‖qW˙ 1,p . This derives (d).
(d) =⇒ (a). If (d) is true, then for u ∈ W˙ 1,p(R1+n+ ), k ∈ N and B(0, k) ⊆ Rn,
Lemma 2.1 (a) implies
∞∫
0
(µ(Mλ(u) ∩ ((0, k)×B(0, k))))p/qdλp
.
∞∫
0
capW˙ 1,p(R1+n+ )
(Mλ(u) ∩ ((0, k)×B(0, k))))dλp
.
∞∫
0
capW˙ 1,p(R1+n+ )
(Mλ(u))dλ
p . ‖u‖p
W˙ 1,p(R1+n+ )
.
Letting k −→ ∞ we see (a) hold. When 0 < q < p = 1, the implications are
obviously. 
3.2. Proof of Theorem 1.2. Let 0 < q < p. Then we finish the proof in two steps.
Part 3.2.1: (b) =⇒ (a). If
Ip,q(µ) =
∞∫
0
(
tp/q
cβp (µ; t)
) q
p−q
dt
t
<∞,
then for each v0 ∈ W˙ β,p(Rn), each j = 0,±1,±2, · · · and each natural number k,
Lemma 2.4 (c) implies
capW˙β,p(Rn)(O2j (v0)∩B(0, k)) ≤ capW˙β,p(Rn)({x ∈ Rn : θ1Mv0(x) > 2j}∩B(0, k)).
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Let µj,k(v0) = µ(T (O2j (v0) ∩B(0, k)), and
Sp,q,k(µ; v0) =
∞∑
j=−∞
(µj,k(v0)− µj+1,k(v0))
p
p−q(
capW˙β,p(Rn)(O2j (v0) ∩B(0, k))
) q
p−q
.
Lemma 2.4 (b) implies that
(Sp,q,k(µ; v0))
p−q
p =

 ∞∑
j=−∞
(µj,k(v0)− µj+1,k(v0))
p
p−q(
capW˙β,p(Rn)(O2j (v0) ∩B(0, k))
) q
p−q


p−q
p
.

 ∞∑
j=−∞
(µj,k(v0)− µj+1,k(v0))
p
p−q(
cβp (µ;µj,k(v0))
) q
p−q


p−q
p
.

 ∞∑
j=−∞
((µj,k(v0))
p
p−q − (µj+1,k(v0))
p
p−q(
cβp (µ;µj,k(v0))
) q
p−q


p−q
p
.


∞∫
0
ds
p
p−q(
cβp (µ; s)
) q
p−q


p−q
p
≈ (Ip,q(µ))
p−q
p .
On the other hand, using Ho¨lder’s inequality and Lemmas 2.1 (b) and 2.4 (b)–(c),
we have∫
T (B(0,k))
|v(t2α, x)|qdµ(t, x)
=
∫ ∞
0
µ
(
Eα,βλ (v0) ∩ T (B(0, k))
)
dλq
.
∞∑
j=−∞
(µj,k(v0)− µj+1,k(v0))2jq
. (Sp,q,k(µ; v0))
p−q
p

 ∞∑
j=−∞
2jpcapW˙β,p(Rn)(O2j (v0) ∩B(0, k))


q/p
. (Sp,q,k(µ; v0))
p−q
p

 ∞∑
j=−∞
2jpcapW˙β,p(Rn)({x ∈ Rn : θ1Mv0(x) > 2j} ∩B(0, k))


q
p
. (Sp,q,k(µ; v0))
p−q
p

 ∞∫
0
capW˙β,p(Rn)({x ∈ Rn : θ1Mv0(x) > λ})dλp


q/p
. (Sp,q,k(µ; v0))
p−q
p ‖v0‖qW˙β,p(Rn).
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Hence (∫
T (B(0,k))
|v(t2α, x)|qdµ(t, x)
)1/q
. (Ip,q(µ))
p−q
pq ‖v0‖W˙β,p(Rn).
Letting k −→∞ in the left side of the above estimate, we have(∫
R
1+n
+
|v(t2α, x)|qdµ(t, x)
)1/q
. (Ip,q(µ))
p−q
pq ‖v0‖W˙β,p(Rn).
Part 3.2.2: (a) =⇒ (b).
If (a) is true, then
Jp,q(µ) = sup
v0∈W˙β,p(Rn),‖v0‖W˙β,p(Rn)>0
(∫
R
1+n
+
|v(t2α, x)|qdµ(t, x)
)1/q
‖v0‖W˙β,p(Rn)
<∞.
Thus for each v0 ∈ W˙ β,p(Rn), with ‖v0‖W˙β,p(Rn) > 0, we have(∫
R
1+n
+
|v(t2α, x)|qdµ(t, x)
)1/q
≤ Jp,q(µ)‖v0‖W˙β,p(Rn).
Since µ(Eα,βλ (v0)) is nonincreasing in λ, we have
(3.1) sup
λ>0
λ
(
µ(Eα,βλ (v0))
1/q
)
. Jp,q(µ)‖v0‖W˙β,p(Rn).
For fixed positive v0 ∈ W˙ β,p(Rn), and a bounded open set O ⊆ Int({x ∈ Rn :
v0(x) ≥ 1}), then (3.1) and Lemma 2.4 (d) imply that
µ(T (O)) ≤ µ(Eα,βθ2
2
(v0)) . (Jp,q(µ))
q‖v0‖qW˙β,p(Rn).
This along with the definition of capW˙β,p(Rn)(·) give
(3.2) µ(T (O)) . (Jp,q(µ))
q
(
capW˙β,p(Rn)(O)
)q/p
.
It follows from (3.2) and the definition of cβp (µ; t) that for 0 < t <∞, cβp (µ; t) > 0.
The definition of cαp (µ; t) implies that for every integer j there exists a bounded
open set Oj ⊆ Rn such that
capW˙β,p(Rn)(Oj) ≤ 2 cβp (µ; 2j) and µ(T (Oj)) > 2j.
We divide the following proof into two cases.
Case 1, p ∈ (1, n/β) :
It follows from Maz’ya [22] that
capW˙β,p(Rn)(S) ≈ inf {‖g‖p : g ∈ Lp(Rn), g ≥ 0, S ⊆ Int({x ∈ Rn : Iβ ∗ g(x) ≥ 1})} .
By this equivalent definition we can find gj(x) ∈ Lp(Rn) such that
gj ≥ 0, Iβ ∗ gj(x) ≥ 1, ∀x ∈ Oj and ‖gj‖pLp ≤ 2 capW˙β,p(Rn)(Oj) ≤ 4 cβp (µ; 2j).
Given integers i, k with i < k, define
gi,k = sup
i≤j≤k
(
2j
cβp (µ; 2j)
) 1
p−q
gj .
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Since Lp(Rn) is a lattice, we can conclude that gi,k ∈ Lp(Rn) and
‖gi,k‖pLp ≤
k∑
j=i
(
2j
cβp (µ; 2j)
) p
p−q
‖gj‖pLp .
k∑
j=i
(
2j
cβp (µ; 2j)
) p
p−q
cβp (µ; 2
j).
Note that for i ≤ j ≤ k,
x ∈ Oj =⇒ Iβ ∗ gi,k(x) ≥
(
2j
cβp (µ; 2j)
) 1
p−q
.
It follows from Lemma 2.4 (d) that there exists a dimensional constant θ2 such that
(t, x) ∈ T (Oj) =⇒ Sα(t2α)|Iβ ∗ gi,k(x)|(x) ≥
(
2j
cβp (µ; 2j)
) 1
p−q
θ2.
This gives
2j < µ (T (Oj)) ≤ µ

Eα,β„
2j
c
β
p (µ;2
j )
« 1
p−q
( θ22 )
(Iβ ∗ gi,k(x))

 .
Thus
(Jp,q(µ)‖gi,k‖Lp)q &
∫
R
1+n
+
|Sα(t2α)(Iβ ∗ gi,k(x))|qdµ(t, x)
≈
∫ ∞
0
(
inf{λ : µ
(
Eα,βλ (Iβ ∗ gi,k(x))
)
≤ s}
)q
ds
&
k∑
j=i
(
inf{λ : µ
(
Eα,βλ (Iβ ∗ gi,k(x))
)
≤ 2j}
)q
2j
&
k∑
j=i
(
2j
cβp (µ; 2j)
) q
p−q
2j
&


∑k
j=i
(
2j
cβp(µ;2j)
) q
p−q
2j(∑k
j=i
(
2j
cβp (µ;2j)
) q
p−q
cβp (µ; 2j)
) q
p

 ‖gi,k‖qLp
≈

 k∑
j=i
2
jp
p−q(
cβp (µ; 2j)
) q
p−q


p−q
p
‖gi,k‖qLp .
This tells us
k∑
j=i
2
jp
p−q(
cβp (µ; 2j)
) q
p−q
. (Jp,q(µ))
pq
p−q .
Case 2, p = nβ : By the definition of capW˙β,p(Rn)(Oj), there is fj ∈ W˙ β,p(Rn) such
that
fj ≥ 0, fj(x) ≥ 1, ∀x ∈ Oj and ‖fj‖pW˙β,p(Rn) ≤ 2 capW˙β,p(Rn)(Oj) ≤ 4 c
β
p (µ; 2
j).
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Lemma 2.6 implies that for each j there is gj(·, ·) ∈ Lp(R2n) such that
fj(x) = I
(2n)
2β ∗ gj(x, 0) = REfj(x)
and
(3.3) ‖I(2n)2β ∗ gj‖Lp2β(R2n) = ‖Efj‖Lp2β(R2n) ≤ ‖fj‖W˙β,p(Rn).
Given integers i, k with i < k, define
gi,k = sup
i≤j≤k
(
2j
cβp (µ; 2j)
) 1
p−q
gj .
Since Lp(R2n) is a lattice, we can conclude that gi,k ∈ Lp(R2n) and I(2n)2β ∗ gi,k ∈
L˙p2β(R2n). Then (3.3) and Lemma 2.6 imply that
‖R(I(2n)2β ∗ gi,k)‖pW˙β,p(Rn)
≤
k∑
j=i
(
2j
cβp (µ; 2j)
) p
p−q
‖R(I(2n)2β ∗ gj)‖pW˙β,p(Rn)
≤
k∑
j=i
(
2j
cαp (µ; 2
j)
) p
p−q
‖I(2n)2β ∗ gj‖pL˙p2β(R2n)
.
k∑
j=i
(
2j
cβp (µ; 2j)
) p
p−q
‖Efj‖pL˙p2β(R2n)
.
k∑
j=i
(
2j
cβp (µ; 2j)
) p
p−q
‖fj‖pW˙β,p(Rn)
.
k∑
j=i
(
2j
cβp (µ; 2j)
) p
p−q
cβp (µ; 2
j).
Note that for i ≤ j ≤ k,
x ∈ Oj =⇒R(I(2n)2β ∗ gi,k)(x) ≥
(
2j
cβp (µ; 2j)
) 1
p−q
.
Then Lemma 2.4 (d) implies that
(t, x) ∈ T (Oj) =⇒ Sα(t2α)|R(I(2n)β ∗ gi,k)|(x) ≥
(
2j
cβp (µ; 2j)
) 1
p−q
θ2.
This gives
2j < µ (T (Oj)) ≤ µ

Eα,β„
2j
c
β
p (µ;2
j )
« 1
p−q
( θ22 )
(R(I(2n)2β ∗ gi,k)(x))

 .
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Hence (
Jp,q(µ)‖R(I(2n)2β ∗ gi,k)‖W˙β,p(Rn)
)q
&
∫
R
1+n
+
|Sα(t2α)R(I2β ∗ gi,k)(x)|qdµ(t, x)
≈
∫ ∞
0
(
inf{λ : µ
(
Eα,βλ R(I2β ∗ gi,k)(x)
)
≤ s}
)q
ds
&
k∑
j=i
(
inf{λ : µ
(
Eα,βλ R(I2β ∗ gi,k)(x)
)
≤ 2j}
)q
2j
&
k∑
j=i
(
2j
cβp (µ; 2j)
) q
p−q
2j
&
∑k
j=i
(
2j
cβp(µ;2j)
) q
p−q
2j(∑k
j=i
(
2j
cβp (µ;2j)
) q
p−q
cβp (µ; 2j)
) q
p
‖R(I(2n)2β ∗ gi,k)‖qW˙β,p
≈

 k∑
j=i
2
jp
p−q(
cβp (µ; 2j)
) q
p−q


p−q
p
‖R(I(2n)2β ∗ gi,k)‖qW˙β,p(Rn).
This tells us we obtain the same inequality as in the first case
k∑
j=i
2
jp
p−q(
cβp (µ; 2j)
) q
p−q
. (Jp,q(µ))
pq
p−q .
Note that the constant involved in the last inequality does not depend on i and k.
Letting i −→∞ and k −→∞, we have
∫ ∞
0
(
tp/q
cβp (µ; t)
) q
p−q
dt
t
.
∞∑
−∞
2
jp
p−q(
cβp (µ; 2j)
) q
p−q
. (Jp,q(µ))
pq
p−q .
Therefore, (b) holds. 
3.3. Proof of Theorem 1.3. Let p < q. The proof consists two parts.
Part 3.3.1: We prove (a) =⇒ (b) =⇒ (c) =⇒ (e) =⇒ (a).
(a) =⇒ (b) =⇒ (c). Since µ(Eλ(v0)) is nonincreasing in λ,
qµ(Eα,βλ (v0))λ
q−1 ≤ d
dλ
(∫ λ
0
(
µ(Eα,βs (v0))
)p/q
dsp
)q/p
.
This gives, for s > 0
(sqµ(Eα,βs (v0)))
p
q ≤
(
q
∫ ∞
0
µ(Eα,βλ (v0))λ
q−1dλ
) p
q
≤
∫ ∞
0
(
µ(Eα,βλ (v0))
) p
q
dλp,
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and establishes the desired implications.
If (c) is true, then
Kp,q(µ)= sup
v0∈W˙β,p(Rn),‖v0‖W˙β,p>0
sup
λ>0
λ
(
µ
({(t, x) ∈ R1+n+ : |v(t2α, x)| > λ})) 1q
‖v0‖W˙β,p
<∞.
For a given v0 ∈ W˙ β,p(Rn) and a bounded set O ⊆ Int ({x ∈ Rn : v0(x) ≥ 1}) , then
Lemma 2.4 (d) implies
(µ (T (O)))1/q . Kp,q(µ)‖v0‖W˙β,p
and hence (e) follows from the definition of capW˙β,p(O). To prove (e) =⇒ (a), we
assume (e). Then
Qp,q(µ) = sup
{
(µ (T (O)))
p/q
capW˙β,p(O)
: bounded open O ⊆ Rn
}
<∞.
If v0 ∈ W˙ β,p(Rn) and k = 1, 2, 3, · · · , then Lemmas 2.4 (a)-(c) and 2.1 (b) imply∫ ∞
0
(
µ
(
Eα,βλ (v0) ∩ T (B(0, k))
))p/q
dλp
≤
∫ ∞
0
(
µ
(
T (Oα,βλ (v0) ∩B(0, k))
))p/q
dλp
≤
∫ ∞
0
(µk (T ({x ∈ Rn : θ1Mv0(x) > λ} ∩B(0, k))))p/q dλp
≤
∫ ∞
0
(µ (T ({x ∈ Rn : θ1Mv0(x) > λ} ∩B(0, k))))p/q dλp
. Qp,q(µ)
∫ ∞
0
capW˙β,p ({x ∈ Rn : θ1Mv0(x) > λ} ∩B(0, k)) dλp
. Qp,q(µ)
∫ ∞
0
capW˙β,p ({x ∈ Rn : θ1Mv0(x) > λ}) dλp
. Qp,q(µ)‖v0‖pW˙β,p .
Letting k −→∞ in the above inequality we have∫ ∞
0
(
µ
(
Eα,βλ (v0)
))p/q
dλp . Qp,q(µ)‖v0‖pW˙β,p .
This derives (a).
Part 3.3.2: We verify (c) =⇒ (d) =⇒ (a).
If (c) holds, then for any bounded open set O ⊆ Int ({x ∈ Rn : v0(x) ≥ 1}) , we
have
µ (T (O))1/q . Kp,q(µ)‖v0‖W˙β,p .
Note that
tp/q . (Kp,q(µ))
p
capW˙β,p(O) wthenever 0 < t < µ (T (O)) .
Hence
tp/q . (Kp,q(µ))
p cβp (µ; t).
Therefore (d) holds.
20 ZHICHUN ZHAI
If (d) holds, then Lemmas 2.4 (b)-(c) and 2.1 (b) imply that for each k =
1, 2, 3, · · · ,∫ ∞
0
(
µ
(
Eα,βλ (v0) ∩ T (B(0, k))
))p/q
dλp
≤
∫ ∞
0


(
µ
(
Eα,βλ (v0) ∩ T (B(0, k))
))p/q
cβp
(
µ;µ
(
Eα,βλ (v0) ∩ T (B(0, k))
))

 capW˙β,p (Oλ(v0) ∩B(0, k)) dλp
.
(
sup
t>0
tp/q
cβp (µ; t)
)∫ ∞
0
capW˙β,p ({x ∈ Rn : θ1Mv0(x) > λ} ∩B(0, k)) dλp
.
(
sup
t>0
tp/q
cβp (µ; t)
)
‖v0‖pW˙β,p .
Letting k −→∞ in the previous inequality we have∫ ∞
0
(
µ
(
Eα,βλ (v0)
))p/q
dλp .
(
sup
t>0
tp/q
cβp (µ; t)
)
‖v0‖pW˙β,p .
This implies that (a) holds. 
3.4. Proof of Theorem 1.4. Part 3.4.1: We prove (a)⇐⇒ (b).
It follows from Theorem 1.3 that it is enough to prove that (b) implies (c) or (e)
in Theorem 1.3. We consider the following three cases.
Case 1, 1 = p ≤ q < ∞ : If (b) holds, then ‖u‖1,q < ∞. Suppose that O ⊆ Rn is
a bounded open set and is covered by a sequence of dyadic cubes {Ij} in Rn with∑
j |Ij |
n−β
n < ∞. According to Dafni-Xiao [8, Lemma 4.1] there exists another
sequence of dyadic cubes {Jj} in Rn such that
Int(Jj) ∩ Int(Jk) = ∅ for j 6= k,
⋃
j
Jj =
⋃
k
Ik,
∑
j
|Jj |
n−β
n ≤
∑
k
|Ik|
n−β
n , T (O) ⊆
⋃
j
T (Int(5
√
nJj)).
Then
µ(T (O)) . ‖µ‖1,q
∑
j
|5√nJj |
q(n−β)
n . ‖µ‖1,q

∑
j
|Jj |
(n−β)
n


q
. ‖µ‖1,q

∑
j
|Ij |
(n−β)
n


q
.
By Xiao [39] (see also Adams [3] or [4]) we have capβ1 (·) ≈ Hn−β∞ (·), where theHd∞(·)
is the d− dimensional Hausdorff capacity. Thus, these along with the definition of
Hn−β∞ (O) imply
µ(T (O)) . ‖µ‖1,q (capW˙β,1(O))q ;
that is, the inequality (e) in Theorem 1.3 holds.
CARLESON MEASURE PROBLEMS FOR PARABOLIC BERGMAN SPACES 21
Case 2: 1 < p < min{q, n/β} : Let v0 ∈ W˙ β,p(Rn) and µλ be the restriction of
µ to Eα,βλ (W˙
β,p(Rn)). If (b) holds, then
‖µ‖p,q := sup
x∈Rn,r>0
µ (T (B(x, r)))
r
q(n−pβ)
p
<∞.
It follows from Lemma 2.5 that
|f(x)| .
∫
Rn
(−△)β/2f(y)
|y − x|n−β dy, f ∈ W˙
β,p(Rn), x ∈ Rn.
This inequality along with Lemma 2.2 and Fubini’s theorem tell us
λµ
(
Eα,βλ (v0)
)
.
∫
Eα,βλ (v0)
|Sα(t2α)(v0(x))|dµ(t, x)
.
∫
Eα,βλ (v0)
∣∣∣∣
∫
Rn
Kαt2α(y)(v0(x− y))dy
∣∣∣∣dµ(t, x)
.
∫
R
1+n
+
(∫
Rn
(∫
Rn
Kαt2α(y)
|z − (x− y)|n−β dy
)
|(−△)β2 v0(z)|dz
)
dµλ(t, x)
.
∫
R
1+n
+
(∫
Rn
(
(t2 + |z − x|2)β−n2
)
|(−△)β/2v0(z)|dz
)
dµλ(t, x)
.
∫
Rn
|(−△)β/2v0(z)|
(∫
R
1+n
+
(
(t2 + |z − x|2)β−n2
)
dµλ(t, x)
)
dz
.
∫
Rn
|(−△)β/2v0(z)|
(∫ ∞
0
µλ
(
T (B(z, r))rβ−n−1
)
dr
)
dz
. (I1(s) + I2(s)),
where
I1(s) =
∫ s
0
(∫
Rn
|(−△)β/2v0(z)|µλ (T (B(z, r))) dz
)
rβ−n−1dr
and
I2(s) =
∫ ∞
s
(∫
Rn
|(−△)β/2v0(z)|µλ (T (B(z, r))) dz
)
rβ−n−1dr.
By the definition of ‖µ‖p,q, we have
µλ (T (B(z, r)) ≤ (µλ(T (B(z, r)))1/p
′ ‖µ‖1/pp,q r
q(n−pβ)
p2
for 1p +
1
p′ = 1. So, using Ho¨lder’s inequality and the estimate
∫
Rn
µλ (T (B(x, r))) dx . r
nµλ
(
Eα,βλ (v0)
)
,
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we obtain
I1(s) .
∫ s
0
(∫
Rn
|(−△)β/2v0(z)|(µλ(T (B(z, r))))1/p
′ ‖µ‖
1
p
p,qr
q(n−pβ)
p2 dz
)
rβ−n−1dr
. ‖v0‖W˙β,p‖µ‖1/pp,q
∫ s
0
(∫
Rn
µλ (T (B(z, r))) dz
)1/p′
r
q(n−pβ)
p2
+β−n−1
dr
. ‖v0‖W˙β,p‖µ‖1/pp,q
∫ s
0
(
rnµ
(
Eα,βλ (v0)
))1/p′
r
q(n−pβ)
p2
+β−n−1
dr
. ‖v0‖W˙β,p‖µ‖1/pp,q
(
µ
(
Eα,βλ (v0)
))1/p′
s
(q−p)(n−pβ)
p2 .
Similarly, we have
I2(s) .
∞∫
s

∫
Rn
|(−△)β2 v0(z)|pµλ(T (B(z, r))) dz


1
p

∫
Rn
µλ(T (B(z, r))) dz


1
p′
rβ−n−1dr
.
∫ ∞
s
‖v0‖W˙β,p (µλ (T (B(z, r))))1/p
(∫
Rn
µλ (T (B(z, r))) dz
)1/p′
rβ−n−1dr
. ‖v0‖W˙β,p
(
µ
(
Eα,βλ (v0)
))1/p ∫ ∞
s
rn/p
′
(
µ(Eα,βλ (v0))
)1/p′
rβ−n−1dr
. ‖v0‖W˙β,p
(
µ
(
Eα,βλ (v0)
))
sβ−n/p.
Combing the above estimates on I1(s) and I2(s) together, we have
λµ(Eα,βλ (v0)) . ‖v0‖W˙β,pµλ
(
Eα,βλ (v0)
)
×
(
sβ−n/p+
(
‖µ‖p,q
(
µ
(
Eα,βλ (v0)
))−1)1/p
s
(q−p)(n−pβ)
p2
)
.
Taking
s =
(
‖µ‖−1p,q
(
µ
(
Eα,βλ (v0)
))) p
q(n−pβ)
in the above inequality, we have
λ
(
µ(Eα,βλ (v0))
)1/q
. ‖µ‖1/qp,q ‖v0‖W˙β,p .
This implies the condition (c) of Theorem 1.3.
Part 3.4.2: We find a nonnegative Radon measure to show that if 1 < p = q <
n/β then (b) does not imply (a) in general.
In fact, supposeK ⊆ Rn is a compact set with the (n−p)−dimensional Hausdorff
measure H(n−pβ)(K) > 0, then by Maz’ya [22, p. 358, Proposition 3] we have
capW˙β,p(K) = 0, on the other hand by Adams-Hedberg [5, p. 132, Proposition
5.1.5 & p. 136, Theorem 5.1.12] we can find a nonnegative Radon measure ν on
R
n such that
sup
x∈Rn,r>o
ν (B(x, r))
rn−pβ
<∞ and 0 < Hn−pβ∞ (K) . ν(K).
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Define µ(t, x) = δ1(t)⊗ν(x). Then (b) hold for this nonnegative Radon measure on
R
1+n
+ .However, (a) is not true, otherwise, we would have 0 < ν(K) . capW˙β,p(K) =
0. Contradiction. 
3.5. Proof of Theorem 1.7. Suppose 0 < q < 1. Since the proof of (a) =⇒
(b) =⇒ (c) is similar to that of (b) =⇒ (c) =⇒ (e) of Theorem 1.3, we only need to
verify (c) =⇒ (d). Let (c) be true. Then Lemma 2.4 (a)−(c) imply
µ
(
Eα,βλ (v0)
)
≤
(
µ
(
T (Oα,βλ (v0))
))
≤ (µ (T ({x ∈ Rn : θ1Mv0(x) > λ})))
. (capW˙β,1{x ∈ Rn : θ1Mv0(x) > λ})q .
This and Lemma 2.1 (b) imply that (d) holds. 
3.6. Proof of Theorem 1.8. From the proof of Theorems 1.3 & 1.4 for 1 ≤ p <
n/β and q > p, we have
‖|µ|‖p,q = sup
x∈Rn,r>0
(µ(T (B(x,r))))
p
q
cap
W˙β,p
(B(x,r)) <∞
⇒

 ∫
R
1+n
+
|v(t2α, x)|qdµ(t, x)


1
q
. ‖|µ|‖p,q‖v0‖W˙β,p , ∀v0 ∈ W˙ β,p(Rn).
Given (t0, x0) ∈ R1+n+ . Let q = npn−pβ and µ(t, x) = δ(t0,x0) be the Dirac measure
at (t0, x0). It suffices to prove ‖|δ(t0,x0)|‖p,q ≤ tpβ−n0 . In fact, if (t0, x0) is not in
T (B(x, r)), then δ(t0,x0)(T (B(x, r))) = 0. If (t0, x0) ∈ T (B(x, r)), then B(x0, t0) ⊆
B(x, r) and rn ≥ tn0 . This give the estimate
δ(t0,x0)(T (B(x, r))) ≤
rn
tn0
= t−n0 r
(n−pβ)q
p .
The above estimate and capW˙β,p(B(x, r)) ≈ rn−pβ verify
(δ(t0,x0)(T (B(x, r))))
p/q
capW˙β,p(B(x, r))
≤ t−
np
q
0 .
Therefore, ‖|δ(t0,x0)|‖p,q ≤ tpβ−n0 . 
3.7. Proof of Theorem 1.12. Assume that µ is a nonnegative Radon measure
such that
sup
x∈Rn,r>0
(µ (T (B(x, r))))
p/q
capW˙ 1/2,p(B(x, r))
<∞
for 1 ≤ p < 2n and 4pn+4p2n−p ≤ q <∞. According to the definition of 1/2−parabolic
rectangle (see Nishio-Yamada [33])
Q1/2(s, y) = {(s, y) ∈ R1+n+ : |xj − yj | < s/2, 1 ≤ j ≤ n, s ≤ t ≤ 2s}
with center (s, y), we have
Q1/2(s, y) = [s, 2s]×B(y,√ns/2).
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The definition of T (B(y, r)) implies that there is a dimensional constant c(n) such
that
Q1/2(s, y) ⊆ T (B(y, c(n)s)),
for each (s, y) ∈ R1+n+ , so
µ(Q1/2(s, y)) ≤ µ(T (B(y, c(n)s))) . sq(n−p/2)/p.
If p1 =
q(2n−p)
2p(n+1) − 1, then for each (s, y) ∈ R1+n+ ,
µ(Q1/2(s, y)) . s(n+1)(1+p1).
Note that p1 ≥ 1 since q ≥ 4p(n+1)2n−p and p < 2n. It follows from Nishio-Yamada [33,
p. 91 Theorem 2] that ν is a (0,1)-type Carleson measure on bq1/2 (q ≥ 1) if and
only if ν(Q1/2(s, y)) . s(n+1)(1+q), for each (s, y) ∈ R1+n+ . Thus µ is a (0,1)-type
Carleson measure on bp11/2. 
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